Abstract A simple mathematical model of fluid flow in a common type of scraped-surface heat exchanger in which the gaps between the blades and the device walls are narrow, so that a lubrication-theory description of the flow is valid, is presented. Specifically steady isothermal flow of a Newtonian fluid around a periodic array of pivoted scraper blades in a channel with one stationary and one moving wall, when there is an applied pressure gradient in a direction perpendicular to the wall motion, is analysed. The flow is three-dimensional, but decomposes naturally into a two-dimensional "transverse" flow driven by the boundary motion and a "longitudinal" pressure-driven flow. First details of the structure of the transverse flow are derived, and, in particular, the equilibrium positions of the blades are calculated. It is shown that the desired contact between blades and the moving wall will be attained, provided that the blades are pivoted sufficiently close to their ends. When the desired contact is achieved, the model predicts that the forces and torques on the blades are singular, and so the model is generalised to include three additional physical effects, namely non-Newtonian power-law behaviour, slip at rigid boundaries, and cavitation in regions of very low pressure, each of which is shown to resolve these singularities. Lastly the nature of the longitudinal flow is discussed.
Cutaway sketch of a four-bladed scraped-surface heat exchanger (SSHE) (Based on a figure provided to us by Tetra Pak and reproduced here with permission.) wall is heated or cooled externally; the foodstuff is driven slowly by an axial pressure gradient along the annulus, and a "bank" of blades rotating with the inner wall (the "rotor") is used to scrape it away from the outer wall (the "stator"), preventing fouling, and maintaining mixing and heat transfer. In the mixing process the transverse flow is more significant than the axial flow. The blades typically are arranged in groups of two (180 • apart) or four (90 • apart); sometimes pairs of blades are "staggered" axially. Figure 1 shows a "cutaway" sketch of a four-bladed SSHE (albeit with a somewhat wider gap between the rotor and stator than the type for which the present mathematical model is valid) which illustrates the general geometry of the device. Sometimes the blades are manufactured with holes in them; the holes allow mass flow through the blades, reducing the power required for rotation.
There are several types of SSHE in use; we shall be concerned with the type that is used for very viscous foodstuffs such as purées, sauces, margarines, jams, spreads, soups, baby-foods, chocolate, mayonnaise, caramel, fudge, ice-cream, cream and yoghurt. In this common type of SSHE the gaps between the blades and both the stator and the rotor are slender, as are the gaps between the stator and the rotor away from the blades.
Foodstuffs commonly behave as non-Newtonian materials, typically being shear-thinning, viscoplastic and/or viscoelastic, as well as being inhomogeneous, and possibly undergoing phase changes; also they often have a strongly temperature-dependent viscosity. Moreover, both convection and dissipation of heat can be significant in a SSHE. These factors, coupled with the fact that the geometry is complicated, mean that the processes that take place inside SSHEs are complex: operating conditions vary with context, and operators are guided largely by experience and correlations. The present work forms part of a larger research project on SSHEs involving an interdisciplinary team of academics and industrialists (see [9] for a brief general overview of the project). Specifically, in this paper we present a simple mathematical model of the fluid flow in a SSHE. Since the various gaps in a SSHE of the type considered are slender (the aspect ratios being of order 10 −1 and the appropriate reduced Reynolds number being of order 10 −2 ) the "lubrication approximation" may be used to analyse the flow (see [2, 10] for details). Neglect of inertia means that a Galilean shift may be performed on the system, so that the blade and upper wall (rotor) are brought to rest, and it is the lower wall (stator) that moves. Thus, we consider steady flow of a viscous fluid around a freely pivoted scraper blade in a periodic array of blades inside a channel with one stationary wall and one moving wall, when there is an applied pressure gradient in a direction perpendicular to the wall motion. The flow is fully three-dimensional, but decomposes naturally into a two-dimensional "transverse" flow driven by the boundary motion and a "longitudinal" pressure-driven flow; for simplicity of presentation these two ingredients are examined
